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Abstract

This work derives the Lagrangean hydrodynamic representation of the Dirac field that, by using the minimum action
principle in the non-Euclidean generalization, can possibly lead to the formulation of the Einstein equation as a function of
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Pi1, =—0,S4 Pip, =—0,S:, being subject to the non-local interaction of the theory defined quantum potential.

The expression of the quantum potential as well as of the hydrodynamic energy-impulse tensor is explicitly derived as a
function of the charged fermion field. The generalization to the non-Minkowskian space-time with the definition of the
gravitational equation for the classical Dirac field as well as its quantization is outlined.
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1. Introduction

One of the intriguing problems of the theoretical physics is the integration of the general relativity with the quantum
mechanics. The Einstein gravitation has a fully classical ambit, the quantum mechanics mainly concerns the small atomic or
sub-atomic scale, and the fundamental interactions.

Many are the unexplained aspects of the matter on cosmological scale [1]. Even if the general relativity has opened some
understanding about the cosmological dynamics [2-4], the complete explanation of generation of matter and its motion
and distribution in the universe needs the integration of the cosmological physics with the quantum one [5-11].
Nevertheless, difficulties arise when one attempts to apply, to the force of gravity, the standard recipe of quantum field
theories [12-13].

Recently, the author has shown [14] that by using the quantum hydrodynamic formalism [15-19] is possible to achieve a
non-contradictory coupling of the boson field of the Klein-Gordon equation with the gravitational one via the derivation of
the energy-impulse tensor [14] by using the hydrodynamic representation of the quantum mechanics.

Moreover, the work shows that the result is independent by the initial hydrodynamic model and that it can be expressed in
term of the standard quantum formalism [14].

A first outcome of the resulting quantum-gravitational model shows that the energy of the quantum potential gives an
important contribution to the space-time curvature and in the definition of the cosmological constant [14] leading to a
value that agrees with the order of magnitude of the measured one.

Another measurable output of the quantum-gravitational theory is the detailed description of the gravitational field of
antimatter. Many and discordant are the hypotheses on the gravitational features of the antimatter [20-25]. The
hydrodynamic model allows the explicit calculation about the Newtonian weak gravity interaction between matter and
antimatter [25].

Moreover, the theory shows that at the Planck scale, due to the repulsive force of the (non-local) quantum potential (that
originates the uncertainty relations) the formation of a black hole with a mass smaller than that one of the Planck mass is
forbidden [26].

The objective of this work is to derive the Lagrangean hydrodynamic representation. of the Dirac field that, by using the
minimum action principle, can possibly lead, in the non-Euclidean generalization, to the formulation of the Einstein
equation for the fermion field.

2. Results and Discussion

The section is organized as follows: in the sub-section 2.1, the hydrodynamic formulation of the Dirac equation is carried
out; in sub-section 2.2, the Lagrangean quantum motion equations for the Dirac field are derived; in sub-section 2.3 the
hydrodynamic energy-impulse tensor density (EITD) of the field is calculated and, in sub-section 2.4, the generalization to
the non-Euclidean space-time as well as the analytical procedure for the definition of the gravitational equation for the
Dirac field is outlined.

2.1. The hydrodynamic formulation of Dirac equation

The Dirac equation
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where O“l=(q,cr) are the 4-D extended Pauli matrices [16], where
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where va is the electromagnetic (em) tensor [27]. The analougus of equation (2.1.12) in bi-spinor form is given by Birula

et al. [16] and reads
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Furthermore, by using the hydrodynamic notation
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and equating the real and imaginary part of the spinor KGE (2.1.12), it follows both the quantum hydrodynamic Hamilton-
Jacobi motion equation [14,16] (see appendix B) that reads
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that, being the hydrodynamic spinorial KGEs (2.1.11-2) coupled each other (through the em tensor) leads to conservation
of the overall current
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The hydrodynamic Hamilton-Jacobi equation applied to eigenstates
Bu using the hydrodynamic notations
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the Hamilton-Jacobi equation (2.1.17) that, as a function of the spinors components, reads
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for the k-th eigenstate leads to the relation
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where the superscript (+) stands for positive and negative energy states, respectively, it follows that
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2.2. The Lagrangean motion equations for generic superposition of Dirac field
Given the generic fermion field
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Moreover, from (2.2.1) the hydrodynamic momentum piri,u' the Lagrangean function LJ_ri and the
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Equation (2.2.7-8) can be further simplified for a system that does not depend explicitly by time (see ref. [14]). In this case,
for the k-th eigenstates, is straightforward to obtain that
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Moreover, given that the Lagrangean function for positive and negative energy states L(i)i(k)
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By introducing (2.1.30) in (2.2.11) it is possible to obtain the hydrodynamic equation of motion for the free KGEs (2.1.9) or
(2.1.12) whose stationary solutions (satisfying the irrotational condition [14,16]) (i.e., eigenstates) and their linear
superpositions are the solutions of the fermion field.

2.3. The hydrodynamic energy-impulse tensor of the Dirac field

Given the EITD for the k-th eigenstate of the fermion field interacting with the em one
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Moreover, by using the expression of the action as a function of the field
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(see (2.3.1-2)) it is possible to obtain the expression of the EITD that is independent by the hydrodynamic formalism as
follows
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It is noteworthy to observe that result (2.3.10) takes only into account irrotational states of the hydrodynamic treatment
that belong to the quantum mechanics.
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2.4. The Gravitational Equation of the Fermion Field

The motivation of the present work consists in defining an analytical procedure to derive the gravitational equation for the
classical Dirac field.

This objective is planned to be achieved by assuming that the hydrodynamic representation of the Dirac bi-spinor field,

that is depicted by mass densities |l/lﬂ |2 and|l//i2 |2 moving with momenta
Py, Sy
p+ﬂ = = —8HS+ = —ﬁﬂ S_ under the action of the quantum potential (2.1.18), corresponds to a physical
- Pa> - +2
ou

reality whose Einstein equation actually describes its gravitational effect. This postulate can be justified by the empirical
existence of the quantum potential given by the Bohm-Aharonov effect [15].

By assuming the physics covariance, the generalization of the Dirac equation to the curved space-time can be defined.
Then, it is possible to obtain the metric of the space-time, from the gravity equation derived by applying the minimum
action principle to the overall hydrodynamic action of both the Dirac and the gravitational field. This procedure can be
fulfilled in a similar way as done for the scalar boson field [14] where the obtained gravitational equation leads to a
cosmological constant value, due to the zero-point vacuum energy, that agrees with the astronomical observations [14].

The resulting gravity equation will contain the explicit coupling with the Dirac (classical) field (overcoming the limit of the
semiclassical approximation [14]). Once the system of Dirac equation, coupled to the gravitational one, is defined in the
curved space-time, then the quantization procedure can be applied both in near-Minkowski space-time (when the particle
mass densities are very far prom the Plankian one, as in the standard model) and in very high curved space-time where
particles with Plankian mass densities have to be described by high energy QFT.

Conclusions
This work derives the Lagrangean hydrodynamic representation of the Dirac field. The paper shows that the evolution of

the bi-spinor field ¥ = [Wl

is equivalent to the motion of the mass densities |l//+1 |2 and| Wio |2 . Where
. R B

Vi

V2
are subject to the non-local interaction of the theory derived quantum potential. The expression of the quantum potential
as well as of the hydrodynamic energy-impulse tensor is explicitly derived as a function of the charged fermion field
regardless the hydrodynamic formalism.
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Appendix A

From the identity
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where F#V is the em tensor. For obtaining the identity (A.4-6), the continuity and derivable properties of ¥/, have also

been used.
Appendix B

By using the identity (2.16), the equation (2.12) reads
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Moreover, by grouping the terms and equating the real part of the equation, it follows that
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leading to the final expression
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where the quantum potential of the Dirac KGE reads

)7
aya |Wil| yny |Wil |
\V/ 2 . @
i | R |wal ief: 172
Vousi = =—— -Req— Fo (B.7)
unir2 m 8#8“ |l//i2| 2m o™ |‘//1rj |
2j
1793 17293
References

1. M. Aguilar et al First Result from the Alpha Magnetic Spectrometer on the International Space Station: Precision
Measurement of the Positron Fraction in Primary Cosmic Rays of 0.5-350 GeV, Phys. Rev. Lett. 110, 141102 -
Published 3 April 2013

2. Sahni, V., The cosmological constant problem and quintessence, Class. Quant. Grav. 19, 3435, 2002.

3. Patmanabhan, T., Cosmological constant: the weight of the vacuum, Phys. Rep. 380, 235, 2003.

4. Copeland, E., Sami, M., Tsujikawa, S., Dynamics of Dark energy, Int. J. Mod. Phys. D 15, 1753, 2006.

5. Hartle, J., B. and Hawking, S., W., “The wave function of the universe”, Phys. Rev. D 28, 2960, 1983.

6. Susskind, L., "String theory and the principle of black hole complementarity”, Phys. Rev. Lett. 71 (15): 2367-8, 1993.

7. Nicolai H., "Quantum gravity: the view from particle physics”,arXiv:1301.5481 [gr-qc] 2013.

8. Hollands, S., Wald, R, M., ,Quantum field in curved space time “, arXiv 1401.2026 [gr-qc] 2014.

9. Wang A, Wands, D., Maartens, R, "*, arXiv 0909.5167 [hep-th] 2010.

10. Witte, E., "Anti De Sitter space and holography”, Adv. Theor. Math. Phys., 2, 253-91, 1998.

11. Corda C., "Bohr-like model for black holes” Class. Quantum Grav. 32, 195007 (2015)

12. Zee, A. (2010). Quantum Field Theory in a Nutshell (2nd ed.). Princeton University Press. p. 172.

13. F. Finster, J. Kleiner, Causal Fermion Systems as a Candidate for a Unified Physical Theory, arXiv:1502.03587v3
[mat-ph] 2015.

14. P. Chiarelli, The hydrodynamic representation of Klein-Gordon equation in curved space-time and the related
Einstein equation: A method for the solution of the cosmological constant problem? ArXiv: 1711.06093 v5
[physics.gen-ph] (2018); submitted for publication on Foundation of Physics (2018).

15. Bohm, D., Phys Rev. 85 (1952) 166; D. Bohm, Phys Rev. 85 (1952) 180.

16. L Bialyniki-Birula, M., Cieplak, J., Kaminski, “Theory of Quanta”, Oxford University press, Ny, (1992) 87-111.

17. P. Chiarelli, “Theoretical derivation of the cosmological constant in the framework of the hydrodynamic model of

guantum gravity: the solution of the quantum vacuum catastrophe?” accepted for publication on Galaxies, (2015)

160



18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

Madelung, E., Quantum Theory in Hydrodynamical Form, Z. Phys. 40, 322-6 (1926).

Janossy, L.: Zum hydrodynamischen Modell der Quantenmechanik. Z. Phys. 169, 79 (1962).

Cabbolet, M., J,, T, F, Elementary Process Theory: a formal axiomatic system with a potential application as a
foundational framework for physics underlying gravitational repulsion of matter and antimatter, Annalen der
Physik, 522(10), 699-738 (2010).

Morrison, P., Approximated Nature of Physiocal Symmatries, Am. J. Phys., 26 358-368 (1958).

Schiff, L., I, Sign of the gravitational mass of positron, Phys. Rev. Let., 1 254-255 (1958)

Good, M,, L, K20 and the Equivalence Principle, Phys. Rev. 121, 311-313 (1961).

Chardin, G. And Rax, J., M., CP violation: A matter of (anti)gravity, Phys. Lett. B 282, 256-262 (1992).

P. Chiarelli, The antimatter gravitational field, ArXiv: 15064.08183 [quant-ph] (2015).

Chiarelli, P., The Planck law for particles with rest mass, Quantum Matt. 5, 748-51, (2016); arXiv 1503.07663 quant-
ph.

Landau, L.D. and Lifsits E.M., Course of Theoretical Physics, vol.2 p. 309-335, Italian edition, Mir Mosca, Editori
Riuniti 1976.

Chiarelli, P.,” The non-Euclidean Hydrodynamic Klein-Gordon Equation with perturbative Self-Interacting Field ",
Technologies, 5, 63, (2017).

161



